The spectrum of gravitational waves that have been produced in inflation is modified during cosmological transitions. Large drops in the number of relativistic particles, like in the QCD transition or at the e + e − -annihilation, lead to steps in the energy spectrum of gravitational waves. 1
Introduction
Detecting a stochastic background of gravitational waves [1] would open a new window to the early Universe. Primordial gravitational waves are predicted to be generated during inflation [2] . Defects, like cosmic strings, produce stochastic gravitational waves as well [3] . Inflation and defects predict an almost scale-invariant logarithmic energy spectrum for the most interesting frequencies (∼ 10 −8 Hz for pulsar timing, ∼ 10 −3 Hz for LISA, and ∼ 100 Hz for LIGO) of gravitational waves.
The aim of this paper is to study the evolution of primordial gravitational waves through transitions of the equation of state, especially the QCD transition. In a recent work, it has been found by the author and collaborators [4] that primordial subhorizon density perturbations are amplified proportional to their wave number, if the QCD transition is of first order. This amplification is due to the vanishing of the sound speed during the transition. For gravitational waves the sound speed is irrelevant. Nevertheless, subhorizon modes are affected by the QCD transition.
A step in the gravitational wave spectrum comes from the large drop of the number of relativistic particles (by a factor ∼ 3) during the QCD transition. Since entropy is conserved (for a first order QCD transition ∆S/S ∼ 10 −6 ), the growth rate of the Hubble radius diminishes. Thus, the rate at which modes cross into the horizon is changed and a step in the spectrum shows up at frequencies corresponding to the Hubble radius at the transition. For the QCD transition this frequency is 10 −7 Hz today and the step is a 30% correction. Other large drops in entropy density happen at e + e − annihilation (which gives rise to a 20% correction in the energy spectrum) and at a GUT phase transition. The typical frequencies are 10 −10 Hz resp. 10 9 Hz.
Similar steps in the spectrum have been taken into account for gravitational waves generated by cosmic strings [3] . These gravitational waves are generated after the defect crossed into the horizon. Therefore, the reason for the steps in the spectrum is different, it is the usual redshift of subhorizon gravitational waves. This interpretation applies to modes that have been inside the horizon long before the transition or that have been generated on subhorizon scales, but for (super-)horizon size gravitational waves it does not apply.
In Sec. 2 we briefly recapitulate the generation of primordial gravitational waves from inflation. The equation of state during the QCD transition is discussed in Sec. 3. In Sec. 4 we explain the origin of the step in the spectrum and present results from numerical calculations, for a first order QCD transition and for a QCD crossover. A further discussion of the steps in the spectrum of primordial gravitational waves from the QCD transition and other cosmological transitions, especially e + e − annihilation, is presented in Sec. 5.
Primordial spectrum of gravitational waves
Let us recall the energy spectrum of gravitational waves produced during inflation [2] . The rms amplitude of a gravitational wave is denoted by h = < h 2 k > 1/2 , where < h 2 k > is the expectation value of the amplitude, per logarithmic interval in comoving wave number k. Its linearized equation of motion reads
where differentiation is with respect to conformal time and a denotes the scale factor. During the quasi-de Sitter period gravitational waves are produced with scale-invariant amplitude on superhorizon scales k ph ≡ k/a ≪ H dS , i.e.,
(2)
The amplitude of gravitational waves is constant until the second horizon crossing and decays as 1/a thereafter, h ∼ C k sin(kη + δ k )/a, where C k and δ k are determined by matching to the superhorizon solution.
For subhorizon modes the energy density of gravitational waves, per logarithmic interval in k, k(dρ g /dk) ≡ M 2 P k 2 ph h 2 for two polarizations, reads
Modes that cross into the horizon 2 in the matter dominated epoch have a hc /a 0 ∼ (H 0 /k ph ) 2 and modes that cross into the horizon in the radiation
For comparison with experimental limits we use the frequency today, f ≡ 2πk ph (t 0 ). In inflationary cosmology the strongest limit on Ω g comes from the anisotropies of the cosmic microwave background [5] . This limit yields Ω g h 2 < 7×10 −11 (H 0 /f ) 2 in the frequency range H 0 < f < 30H 0 [6, 7] . From Eq. (4) we therefore have Ω g h 2 < 10 −12 /z eq ∼ 3 × 10 −16 for modes that crossed into the horizon during the radiation dominated epoch. Direct limits on Ω g h 2 in the radiation era have been obtained by pulsar timing (< 9×10 −8 for f ∼ 4×10 −9 to 4 × 10 −8 Hz) [8, 9] and from big bang nucleosynthesis ( Ω g d(ln f ) < 10 −5 for f > H BBN ∼ 10 −9 Hz) [10] . Although, inflation predicts an extremely small amount of energy in gravitational waves at small scales, this is different for other models of structure formation. Defects might generate a scale-invariant spectrum of gravitational waves with amplitudes that may be seen in pulsar timing residuals in the near future. String cosmology [11] predicts a completely different spectrum, ∝ f 3 , thus the BBN constraint, which does not constrain the inflationary scenarios at all, turns into a severe restriction.
Lattice QCD results indicate that the QCD transition takes place at T ⋆ ∼ 150 MeV [12] and probably is of first order for the physical values of the quark masses [13] . This implies a Hubble radius R H ∼ 10 km at the transition.
Modes that crossed the horizon during the QCD transition have frequencies f ⋆ ∼ 10 −7 Hz today. We consider two scenarios for the QCD transition, a first order phase transition and a smooth crossover. A simple model for a first order transition is given by the bag model [14] . In this model the entropy density jumps at the critical temperature T ⋆
where the effective number of relativistic helicity degrees of freedom before the transition are g b = 51.25 (2 quark flavors, photons, and leptons 3 ) and g a = 17.25 (pions, photons, and leptons) after the transition; ∆g ≡ g b − g a . At T ⋆ the high and low temperature phases can coexist. It takes a third of a Hubble time until all latent heat has been released. During that coexistence time the temperature and pressure are constant. For a detailed discussion of the bag model and a fit to lattice gauge theory, see [4] .
For a smooth crossover we assume for the entropy density [15] s(T ) = 2π 2 45 g a T 3 1 + 1 2
We recover the bag model for ∆T → 0. In both scenarios entropy is conserved (the tiny entropy production in the first order scenario can be neglected). Note that both models coincide at temperatures far away from T ⋆ . Comparison with lattice QCD shows, that neither of the above models gives a good fit to lattice data. The main effect that has been neglected is the reduction of the pressure in the quark-gluon plasma for T ≫ T ⋆ , which results in a smaller value of g b .
4
Step in the logarithmic energy spectrum model QCD transition. Scales that cross into the horizon after the transition (l.h.s. of the figure) are unaffected, whereas modes that cross the horizon before the transition are damped by an additional factor ≈ 0.7. The modification of the spectrum has been calculated for a first order QCD transition (bag model), Eq. (5), and a crossover QCD transition, Eq. (6), with ∆T /T ⋆ = 0.3. In both cases the step extends over one decade in frequency. The detailed form of the step is almost independent from the order of the transition. To solve Eq. (1) numerically, it proofs useful to use the scale factor as evolution parameter for the first order transition and the temperature for the crossover transition.
The size of the step can be calculated analytically: From the Friedmann equation and the 1st law of thermodynamics we obtain the Hubble radius as a function of the scale factor (w ≡ p/ρ)
For 0 < w ≤ 1/3 during the phase transition the Hubble expansion slows down during the transition, i.e., R H ∝ a β with β = β(a) in the range (3/2, 2) 4 . Long before and after the transition, in the radiation dominated era,
from the conservation of entropy. On the other hand, k ph ∝ 1/a independently of the equation of state. Thus, the rate at which modes enter the Hubble horizon is changing during the transition.
For a fixed mode k a that crosses the horizon after the phase transition the amplitude h is constant during the transition. Now, consider a mode that crosses the horizon before the transition, k b . Its amplitude decays proportionally to a hc /a. From Eq. (3)
where we have used Eq. (8) . Thus, comparing the energy spectrum for modes that cross into the horizon before the transition and for modes that cross into the horizon after the transition gives the ratio
for the QCD transition, which coincides with the result of Fig. 1 . This step in the logarithmic spectrum is independent of the order of the transition! The result (10) is in agreement with the entropy conservation of subhorizon gravitational waves. However, for superhorizon modes the entropy is not defined.
Discussion
In Fig. 1 we indicated the frequency range (∼ 1 yr −1 ) in which limits on Ω g have been reported from pulsar timing residuals [9] . The frequencies where the step of the QCD transition would be visible is of the order 0.3 month −1 . For pulsar timing the power spectrum of gravitational waves is more relevant than the energy spectrum. The power spectrum is ∝ Ω g (f )f −5 . Our results show that the power spectrum might deviate from the f −5 behavior over a whole decade in frequency. Depending on the effective value of w during the transition it might be as steep as f −7 (for w = 0). However, a realistic estimate for the QCD transition gives w min ∈ (0.1, 0.2). Thus, the slope of the power spectrum lies between −6.1 and −5.5. Additionally, there is an overall tilt of the spectrum of gravitational waves from inflation (see [7] for a computation of the tilt for various inflationary models), which is in some models of inflation (e.g., the chaotic scenario) a negligible modification compared to the step due to the QCD transition.
As mentioned in the introduction, similar steps in the spectrum might occur at e + e − annihilation, where f ann ∼ 10 −10 Hz is the typical frequency. Eq. (10) is modified for e + e − annihilation, because neutrinos and photons are decoupled.
Taking their difference in temperature into account [T ν /T γ = (4/11) 1/3 ] we obtain Ω g (f ≫ f ann ) Ω g (f ≪ f ann ) = g γ + 4 11 g ν 4 3 g γ + ( 4 11 )
where g γ = 2, g ν = 5.25, and g b = 10.75. Again, this result is in agreement with the entropy conservation of subhorizon gravitational waves.
For the electroweak transition the typical frequency (∼ 6 × 10 −4 Hz) lies in the frequency range of LISA, however the modification of the spectrum is negligible small (the only particle that disappears from the radiation fluid is the Higgs particle).
